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Abstract 

In this paper, we study the spherical indicatrices of W-direction curves in three 
dimensional Euclidean space which were dehned by using the unit Darboux 
vector held IF of a Frenet curve, in [m. We obtain the Frenet apparatus 
of these spherical indicatrix curves and the characterizations of being general 
helix and slant helix. Moreover we give some properties between the spherical 
indicatrix curves and their associated curves. 

Then we investigate two special ruled surface that are normal and binormal 
surface by using W-direction curves. We give useful results involving the char¬ 
acterizations of these ruled surfaces. From those applications, we make use 
of such a work to interpret the Gaussian, mean curvatures of these surfaces 
and geodesic, normal curvature and geodesic torsion of the base curves with 
respect to these surfaces. 

2000 Mathematics Subject Classification. 53A04, 14H50, 14J26. 
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1. Introduction 

The theory of curves is a subbranch of geometry which deals with curves in Euclidean 
space or other spaces by using differential and integral calculus. One of the most studied 
topic in curve theory is associated curves like involute-evolute pairs, Bertrand curve pairs, 
Mannheim partner curves and W-direction curves. Working with these associated curves is 
nice aspect that these curves can be characterizated by the properties and behavior of the 
main curves of them. 
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The most commonly used ones to characterize curves are general or cylindrical helix and 
slant helix. A general helix in is dehned as; its tangent vector held makes a constant 
angle with a hxed direction. If the principal normal vector held makes a constant angle 
with a hxed direction, it is called slant helix. Izumiya and Takeuchi founded that a curve 
is a slant helix if and only if the geodesic curvature of the principal image of the principal 
normal indicatrix which is 



is a constant function [6]. 

Choi and Kim created the principal(binormal)-direction curves and principal(binormal)- 
donor curve of a Frenet curve in E^. They gave the relation of curvature and torsion between 
the principal-direction curve and its mate curve. They also dehned a new curve called 
PD-rectifying curve and gave a new characterization of a Bertrand curve by means of the 
PD-rectifying curve. They made an application of associated curves and studied a gen¬ 
eral helix and slant helix as principal-donor and second principal-donor curve of a plane, 
respectively [2]. Then Choi et ah worked on the principal(binormal)-direction curve and 
principal(binormal)-donor curve of a Frenet non-lightlike curves in E^ [5]. 

After that Korpmar et al. introduced associated curves according to Bishop frame in E^ 

[II- 

Recently, Macit and Diildiil dehned W-direction curve, W-rectifying curve and V-direction 
curve of a Frenet curve in E^ and also principal-direction curve, i?i-direction curve, B 2 - 
direction curve and i? 2 -rectifying curve in E^. These curves were given as the integral curves 
of vector helds taken from the Frenet frame or Darboux frame along a curve. They gave the 
relationship of the Frenet vector helds, the curvature and the torsion between the associated 
curves and their main curve HU. 

The spherical indicatrix of a curve in three dimensional Euclidean space is described by 
moving any of the unit Frenet vectors onto the unit sphere S^. If any of the Frenet vectors 
is A of a curve given with the arc-lenght parameter s, then the equation of the spherical 
indicatrix curve is given by 

/?(«•) = A'(s). (1,2) 

where s* is the arc-length parameter of spherical indicatrix. 

There are many works on spherical indicatrix curves. Kula and Yayh in [S], investigated 
spherical images of tangent and binormal indicatrix of a slant helix. They found that the 
spherical images are spherical helices. 

Kula et al. gave some characterizations for a unit speed curve in to being a slant helix 
by using its tangent, principal normal and binormal indicatrix [9]. 

Tunger and Unal studied spherical indicatrices of a Bertrand curve and its mate curve. 
They obtained relations between spherical images and new representations of spherical indi¬ 
catrices [H]. 

A ruled surface in R^ is a surface which can be described as the set of points swept out 
by moving a straight line in surface. It therefore has a parametrization of the form 

<I)(s, v) = q;(s) -f- vS{s) 


(1.3) 
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where a is a curve lying on the surface called base curve and S is called director curve. The 
straight lines are called rulings. In using the equation of ruled surface we assume that a' is 
never zero and 6 is not identically zero. The rulings of ruled surface are asymptotic curves. 
Furthermore, the Gaussian curvature of ruled surface is everywhere nonpositive. The ruled 
surface is developable if and only if the distribution parameter vanishes and it is minimal 
if and olny if its mean curvature vanishes [1]. Recently, the ruled surfaces were studied on 
Euclidean space and Minkowski space, see, e.g., p El n ng dsi dz]. Also Nurkan et al. 
investigated two ruled surfaces such as normal and binormal surface by using any base curve 
and adjoint curve of it [T^ . 

In this paper, we study the spherical indicatrices of W-direction curves. We obtain the 
Frenet apparatus of tangent indicatrix and binormal indicatrix via Frenet vector helds, cur¬ 
vature and torsion of the main curves. We give the characterizations of being general 
helix and slant helix of these image curves. We also investigate the normal surface and the 
binormal surface by taking the base curve as W-direction curve. We give usefull results 
about developability, minimality of the surfaces and being asymptotic line, geodesic curve, 
principal line of the base curves. 


2. Preliminaries 


Let (3 : I —> be a curve and {T,N,B} denote the Frenet frame of (3. T{s) = /3'{s) 
is called the unit tangent vector of /3 at s. /5 is a unit speed curve (or parametrized by 
arc-length s) if and only if ||/9^(s)|| = 1. The curvature of j3 is given by k(s) = ||/3"(s)||. The 
unit principal normal vector N{s) of /3 at s is given by (3"{s) = k{s).N{s). Also the unit 
vector B{s) = T{s) x N{s) is called the unit binormal vector of f3 at s. Then the famous 
Frenet formula holds as; 

r'(s) = k{s).N{s) 

N'{s) = —k{s).T{s) + t{s)B{s) 

B'{s) = —t{s)N{s) 


where r(s) is the torsion of /5 at s and calculated as r(s) = {N'{s), B{s)) or r(s) = ||i?'(s)|| . 

Also the Frenet vectors of a curve 13, which is given by arc-length parameter s, can be 
calculated as; 


For the unit speed curve (3 : 


T{s) 

Nis) 

B{s) 


ll/9"(^)ll 

T(s) X N{s). 


, the vector 


IT(s) = t{s)T{s) + k{s)B{s) 


( 2 . 1 ) 


( 2 . 2 ) 


is called the Darboux vector of (3 which is the rotation vector of trihedron of the curve with 
curvature k 0 when a point moves along the curve (3. 

A unit speed curve (3 : I —>■ E” is a Frenet curve if (3"{s) ^ 0 and it has the non-zero 
curvature. 
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Definition 1. Let (5 he a Frenet curve in and W be the unit Darboux vector field of ft. 
The integral curve ofW{s) is called W-direction curve of ft. Namely, if ft is the W-direction 
curve of ft, then VF(s) = lt\s), where W = + kB) [TT] . 

Let the Frenet apparatus of a Frenet curve ft and its W-direction curve be {T, N, B, n, r} 
and {r, iV, 5, F, r} respectively. The relations of Frenet apparatus between the main curve 
and W-direction curve are given in im as; 

T „ K 


T = 
N = 
B = 

K = 


. _ --T , ^_ 

-.T 


B 


y/ K? + y/ n? + 

-N 


B 


(2.3) 


\tk' — t' k\ 


= y/ 


Remark 1. In this paper we take the signs of absolute value positive. If the sign will be 
taken negative, the expressions similarly have the other signs. 

Theorem 1. Let ft he the W-direction curve of ft which is not a general helix. Then ft is a 
general helix if and only if ft is a slant helix m- 


Theorem 2. A curve is a general helix if and only if = constant 

A ruled surface given with the equation (1.3) is in the general form. The normal and the 
binormal surfaces which are also ruled surfaces are defined by 

<F(s,n) = a{s)-[-vN{s) (2.4) 

<F(s,n) = a{s)-\-vB{s) (2.5) 

where ct is a curve with arc-length parameter s and {T, N,B} are the Frenet vector fields of 

a 13 E]. 

The distribution parameter A of a ruled surface <F given in equation (1.3) is dedicated as; 


A = 


det(f,5,f) 


I —11^ 

I ds II 


The standard unit normal vector field U on the ruled surface <F is defined by 

^ X <F„ 


1$., X <F,, 


( 2 . 6 ) 


(2.7) 


where 4. = g and = g. 


The Gaussian curvature and mean curvature of a ruled surface given in equation (1.3) are 
given respectively by 

K = xi;iJL ( 2 , 8 ) 


H = 


EG-F^ 

Eg + Ge- 2Ff 
2{EG - F2) 


and 


(2.9) 
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where E = F = , e = {^ss,U) , f = {^sv,U) and 

g = {^vv,U) (see[I3). 

Definition 2. A surface is developable (flat) provided its Gaussian curvature is zero and 
minimal provided its mean curvature is zero [13] . 


The equation between the distribution parameter and Gaussian curvature which is called 
Lamarle formula is defined as 


[X^ + v^Y 

where K is the Gaussian curvature and A is the distribution parameter (see |10]b 
Namely, if the distribution parameter is zero, then the surface is developable. 

Let a be any curve of arc-length parameter s and has the Frenet frame {T, N,B} along 
a. If q; is on a surface, the frame {T, V,U} along the curve a is called the Darboux frame 
where T is the unit tangent vector of a, U is the unit normal of the surface and V is the 
unit vector given hj V = U x T. The relations between these vectors and their derivatives 
are [T3] : 


r ■ 


0 Kg Kn 


■ T ■ 

G' 

= 

-Kg 0 Tg 


V 

U' 


'^g 0 


U 


where Kg is the geodesic curvature, Kn is the normal curvature and Tg is the geodesic torsion. 

If the curve a is the base curve of the ruled surface given in (1.3), then the geodesic 
curvature, normal curvature and geodesic torsion with respect to the ruled surface are also 
given respectively by mi 

Kg = {UxT,T') (2.10) 

Kn = {a",U) (2.11) 


and 

Tg = {UxU’,r). (2.12) 

For a curve a which is lying on a surface, the following statements are satisfied [T3] : 

1) q; is a geodesic curve if and only if the geodesic curvature of the curve with respect to 
the surface vanishes. 

2) a is a asymptotic line if and only if the normal curvature of the curve with respect to 
the surface vanishes. 

3) q; is a principal line if and only if the geodesic torsion of the curve with respect to the 
surface vanishes. 


3. Spherical Images of W-direction Curves 

In this section, we will introduce tangent indicatrix and binormal indicatrix curves which 
are spherical indicatrices of W-direction curves. We find their Frenet apparatus and give 
some results of being general helix and slant helix. 

Let /3 be a curve with arc-length parameter s and fl be the W-direction curve of /3. The 
arc-length parameter s of fl which is an integral curve of fl, can be taken as s = s (see H). 
The Frenet apparatus of fl and fl are {T, N, B, k, r} and {T, N, B, k, r} respectively. Here 
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also 6 is the geodesic curvature of the principal image of the principal normal indicatrix 
given with the equation (1.1). 

Using the equation (1.2), the tangent indicatrix and binormal indicatrix curves of W- 
direction curve /? are given with the equations 

a{sa) = T{s) (3.1) 

7 (^ 7 ) = B{s) (3.2) 


where Sq, and are arc-length parameters of tangent and binormal indicatrix curves, 
respectively. 


Theorem 3. Let (3 be a curve with arc-length parameter s and [3 he the W-direction curve 
of (3. The Frenet vector fields, curvature and torsion of the tangent indicatrix curve a of 
W-direction curve are given by 


Ta = 

= 

= 


-.T 


f 


,/iTp Vi+7^ 

K-'if - 9) 


B 




K-if - 9 ) 




a /( k ')^(/ - 9 )^ + «^(1 + P)^ 


rj. - 9 ) .r , o 

k{i -h r) 


1 / 1 + 


Tr, = 


^^1 + pr 

-gy 

kV(i + /')" 


«'(/ - 9) ((«')^(/ - gy + «^(i + py] 


(3(k')^(1 + fg){f -g)- KK"{f - h){l + f)) 


where f = ^, 9 = ^ ond h = ^. 

Proof. The equation of tangent indicatrix curve a is given in equation (3.1) with the arc- 
length parameter Sa- By differentiating equation (3.1) and using Frenet formulas we get 


ds 


a 


ds 


= K. 


If we use the equations in (2.1) and the relation ^ = n , we hnd the tangent, prinicipal 
and binormal vector helds respectively as; 


P 

Na 


N 

- 7===^ + 

V P + P VP + P 

—=L=T + —=P==B. 

VP + P VP + P 
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By writing the relations (2.3) in the last equations, we have; 
K. T 


T = 

OL 


Na = 


Br, = 


ViB + 


-.T 




+ 


-.B 


Tk' — t' K 


T 


r+ ^ . iv + 


K 


\J[tk! — + r2)3 \ -|- 7-2 — 


y/ fB + 


-.B 


K^ + T^ 


yj {tk! — t'kY + 


rT- 


tk' — t'k 




N + kB 


In the last equations assuming / = ^, 9 = ^ cind h = ^ and arranging the expressions, 
we obtain the tangent, principal and binormal vector helds of the tangent indicatrix curve 
a of the W-direction curve /3, with respect to the main curve 13. 

Also the curvature and torsion of the tangent indicatrix curve a are found as; 


Kj(-\ - 




yj K? 


T 


K 


\ 


(t'k, ■ 


TK 


+ 


TT 


{k3 + 


(3.3) 

(3.4) 


Again by using the relations (2.3) in equations (3.3) and (3.4), we get; 

y/ {tk' — t'kY + + t2)3 

“ tk' — t'k 

_ yJ {k^ + r2)3 / 3(kk'+ rr')(rK'— t'k) \ 

“ {tk' — t'k) {{tk' — t'k)‘^ + {k‘^ + T ^)^) \ —{tk" — t"k){k? + T ^) J 

Taking /, g and h in the last equations, we reach the result. □ 


Theorem 4. If any curve (3 with arc-length parameter s is slant helix, then the tangent 
indicatrix of W-direction curve of {3 is a planar curve. 

Proof. By Theorem 6 in if the geodesic curvature of the principal image of the principal 
normal indicatrix of the curve (3 is 5, then y = 5 where H and r are curvature and torsion 
of the W-direction curve of f3. 

By using the equation (3.4) and = = S, the torsion of the tangent indicatrix curve a is 
found as; 

“ T6{l + S^y 

If the curve f3 is slant helix, then 5' = 0. So by the last equation Tq = 0 which means the 
tangent indicatrix curve a is planar. □ 

Remark 2. From now on, the eguations f = ^, 9 = ^ ^ , d = = and 

K'{f — g) = —6 k‘^{1 -|- /^)^/^ will be used in the calculations. 
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Theorem 5. The tangent indicatrix curve a of the W-direction curve is a general helix if 
and only if the following eguation is satisfied; 

3SS’ 


A' -A 


fSK' iff 
\K ^ 1 + P 


+ 


1 + 5^ 


= 0 


where A = K''{f — h) + Skk'a/I + P{1 + fg)S. 

Proof. If we take ratio of the torsion and curvature of the tangent indicatrix which are in 
Theorem 3 , use the relation n'{f — g) = and make some appropriate 

calculations, we have; 

=_(3 5) 

k3(i + J2)2(i + ^2j3/2' 

By differentiating the equation (3.5), we hud that; 


A' 


A I 3k' , 4 //' , 355 ' 

^ I — + 


If the numerator of the last fraction is zero, then = 0. Since the harmonic curvature 

of the curve a is constant and it is a general helix. □ 

Corollary 1. If the curve ft is a general helix and and the eguation A' — 3A^ = 0 is 
satisfied, then the tangent indicatrix of the W-direction curve j3 is a general helix. 

Proof. If /3 is a general helix, then / is constant and also f = 0. Since /' = 0, then <5 = 0. 
For the derivative, we hnd; 

A' - A— 


Kn 


□ 


k3(1 + /2)2(1 + 52)3/2- 

If the numerator of this fraction is zero, then we reach the result clearly. 

Theorem 6. The tangent indicatrix curve a of the W-direction curve is a slant helix if and 
only if the following eguation is satisfied; 




3/2 


where h = y , X = (1 + 5^)r(5'V — 5't') — and Y = (r^(l + + (h')2) 

Proof. From the equation (1.1), the geodesic curvature of the principal image of the principal 
normal indicatrix of the tangent indicatrix curve a is given by 

^ . (3.6) 

^ and ^2 + r2 = r2(l + 5^) 




We take into account that t'k — tk! = —P5' , —tt' = 

, then put the equations (3.3) and (3.4) in (3.6), we clearly hnd 

^rv .,0 



f V 

V(l + h2)3r2 + (5')2; ' 

{ril + sfpy 
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After some calculations we have 


5(1 + 


where X = (1 + 5^)r(5'V — 6't') — 35(5')^r^ and Y = (r^(l + 5^)^ + (5')^)^^^ . 

By differentiating the equation (3.7), we obtain 

(i„)' = (1 + (i'(l + U^)y + i(l + S^) . 

(5q)^ = 0 if and only if 5'(1 + 45^)^ + 5(1 + 5^) (^y)' = 0. 

So by taking into consideration the equation (1.1) , the proof is completed. □ 

Theorem 7. Let /3 be a eurve with are-length parameter s and {3 he the W-direction eurve 
of [3. The Frenet vector fields, curvature and torsion of the binormal indicatrix curve 7 of 
W-direction curve are given by 

1 f 

rn rn j T~) 


T+P y/1 + P 

_ ^^'{f - 9) _ 

V)"(/-^7)2(1 + /2) + ;,4(1 + J2)4 

(tT- 

'pm-gfi + K^ii + pr V 

' , wnf-gr 


fT+p-phlfi+B 

«'(/ - 9) 


rT - "'fi fi N + ^B 

«(! + /) 


K\l + Pf 


" {n'nf-gY + K\l + Pf 

where f = -, S' = w and h = At- 


(3(ft;')^(l + fg){f -g)- Kn'ff - h){l + p)) 


Proof. The equation of binormal indicatrix curve 7 is given in equation (3.2) with the 
arc-length parameter s-f. By differentiating equation (3.2) and using Frenet formulas we get 


Here we assume r)0. If r(0, the Frenet vector fields have other signs. 

If we use the equations in (2.1) and the relation = r, we find the tangent, prinicipal 
and binormal vector fields respectively as; 
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By writing the relations (2.3) in the last equations, we have; 

K „ T 


T = 

± -V 


= 


= 


y/ 


T 


yj 


B 


TK — T K 


T 


yj{ tk' — t'kY + yy/ k'^ + T 

/ 

tT 


,T+^h!±h 2 iv+ 


K 


y/ 


B 




yj {tk' — t' kY + 


tk' — t'k 


K^ + 


-N + kB 


In the last equations assuming / = ^, 9 = ^ h = ^ , arranging the expressions , 

we obtain the tangent, principal and binormal vector helds of the binormal indicatrix curve 
7 of the W-direction curve /?, with respect to the main curve /3. 

Also the curvature and torsion of the binormal indicatrix curve 7 by taking into account 
that ^ =T are found as; 


= 


y/ K^ + 


= 


\ 


[TK 


r'K)2+ (r'^ 


KK 


{k^ + 


(3.8) 

(3.9) 


Again by using the relations (2.3) in equations (3.8) and (3.9), we get; 


y/ {tk' — t' kY + {k? + r 2)3 

1 / ?){kk' + tt'){tk' — t'k) \ 

{tk' - t'kY + {k? + r 2)3 -{tk" - t"k){k^ + r^) J ' 


Taking /, g and h in the last equations, we reach the result. □ 

Corollary 2. The tangent indieatrix eurve and the binormal indieatrix eurve of a W- 
direetion eurve are Bertrand mate eurves. 


Proof. Since the relation between the principal normal vector helds of the tangent indicatrix 
and binormal indicatrix is; 

N = -N 

they are linearly dependent. □ 

Theorem 8. If any eurve /? with are-length parameter s is slant helix, then the binormal 
indicatrix of W-direetion eurve of ft is a planar eurve. 

Proof. By using the equation (3.9) and = = 5, the torsion of the binormal indicatrix curve 7 
is found as; 

r{l + S^)' 

If the curve ft is slant helix, then 6' = 0. So by the last equation t^ = 0 which means the 
binormal indicatrix curve 7 is planar. □ 
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Theorem 9. The binormal indicatrix curve 7 of the W-direction curve is a general helix if 
and only if the following equation is satisfied; 


A’ -A 


f?>K' Aff m' 

\ K 1 + p 1 + 5^ 


= 0 


where A = K''{f — h) + + P{1 + fg)5. 


Proof. If we take ratio of the torsion and curvature of the binomial indicatrix which are 
in Theorem 7 , use the relation «'(/ — g) = —6P{1 + PY^"^ and make some appropriate 
calculations, we have; 




A 


k3(1 + /2)2(1 + 52^3/2' 


(3.10) 


By differentiating the equation (3.10), we hud that; 




A'-A 


3k' 


+ 


4//' 


K ' i+F T+^ 


3 ( 55 ' 


k 3(1 + /2)2(1 +52^3/2 


If the numerator of the last fraction is zero, then ^ — 
of the curve 7 is constant, it is a general helix. 


= 0. Since the harmonic curvature 

□ 


Corollary 3. Let (3 he a curve with arc-length parameter s and (3 be the W-direction curve of 
/3. The tangent indicatrix curve of [3 is a general helix if and only if the binormal indicatrix 
curve of (3 is general helix. 


Proof. By the equations (3.5) and (3.10), the result is clear. 


□ 


Theorem 10. The binormal indicatrix curve 7 of the W-direction curve is a slant helix if 
and only if the following equation is satisfied; 




366'- + {l + P) ^ =0 


Y 


X 


Y 


3/2 


where d = = , X = (1 + — 5't') — 3S{6'YP and Y = (r^(l + 

Proof. From the equation (1.1), the geodesic curvature of the principal image of the principal 
normal indicatrix of the binormal indicatrix curve 7 is given by 

.2 


S.y = 


k: 




K — TT = T 


■2 S' 


(/ 5;2 + r 2 ) 2 

We take into account that t'k — tK' = —P5' 

1% u 

, then put the equations (3.8) and (3.9) in (3.11), we clearly find 

r3(l + Sy ( b' 


(3.11) 

and 77^ + (1 + Y) 


= 


((1 + Y^YP + [d'Y)^'’" \P^ + d Y^^ 

After some calculations we have 


dj = 


(l + d^/YX 


Y 


(3.12) 



12 


Ilkay Arslan Gven, Semra Kaya Nurkan and Ipek Agaoglu Tor 


where X = (1 + — S't') — 35(h')^r^ and Y = (t^(1 + . 

By differentiating the eqnation (3.12), we obtain 

(S,)' = (1 + (sss'y + (1 + «") 'j . 

{6^)' = 0 if and only if 366'y + (1 + 5^) [y)' = 0. 

So by taking into consideration the eqnation ( 1 . 1 ) , the proof is completed. □ 

Corollary 4. If any unit speed curve /3 is slant helix, then the tangent indicatrix curve of W- 
direction curve of (3 is slant helix if and only if the binormal indicatrix curve of W-direction 
curve of f3 is slant helix. 

Proof. By the eqnations (3.7) and (3.12), we have 

6a = 6.6.y 

where 6 = ^. 

T 

If any nnit speed cnrve /3 is slant hehx,then 6 is constant by Theorem 1. If 5 is constant, 
the resnlt is apparent. □ 


Example : Let a cnrve which is a slant helix be 



The tangent, binormal vectors, the curvatnre, the torsion and the Darbonx vector were fonnd 

in [TT] . 



\/3 /s 
k(s) = — cos - 
^ ^ 2 V2 

Also the W-direction cnrve of /3 was given as; 


\/3 . /s\ 

ris) =-sm - . 

^ ^ 2 V2/ 


/5(«) = I 


6 sin I - 
^ 2 


- sin (s)-sin(2s), — cos(s) 

4 ^ ^ 16 ^ 2 ^ ^ 


\/3£ 


+ (Cl, C2, C3) 


where ci, 02,03 are constants. 

Now lets find the tangent and binormal indicatrix cnrves of this W-direction cnrve /?. By 
nsing these expressions above and the eqnations (2.3), (3.1) and (3.2), the tangent indicatrix 
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and binormal indicatrix are obtained respectively; 




—7 Sin 

4 


sin - T cos - + cos — 


2 


+ cos j sin 


V3 [3 


- cos - + T COS — COS - — sin - 


— cos - -- sin - + sin — 


4 - 4 


3 /s 
-- cos - 

8 V2 


+ cos 


- sin ((^2 cos^ 


4. Some Ruled Sufaces Related To W-direction Curves 

In this section, we will identify some special ruled surfaces which are formed by using the 
base curve as the W-direction curve. 

Let /3 be a curve with the arc-length parameter s and /? be the W-direction curve of j3. 
From the equations (2.4) and (2.5), the normal and binormal surfaces of /5 are given by; 

<Fi(s,n) = l3{s)+vN{s) (4.1) 

*h 2 (s,n) = l3{s)+vB{s). (4.2) 

Theorem 11. The normal surface and binormal surface of the W-direction curve are not 
developable. 

Proof. By using equation (2.6), the distribution parameters of the normal and the binormal 
surfaces of W-direction curve given in (4.1) and (4.2) are; 

det(f.7V,f) 

“ II _ll2 


det(f,5,f 


ds ’ ’ ds 

I 112 


Taking into account that the equations given in (2.3) and 




T - + 




kT — tB 
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we have; 


^ {tk! — 

-I- 7-2 

Since the distribution parameters cannot be zero, the normal and binormal surfaces of W- 
direction curve are not developable. □ 


Theorem 12. If any curve 13 with arc-length parameter s is general helix and the eguation 
kk' + tt' = 0 is satisfied then the normal surface and the binormal surface of W-direction 
curve 13 of 13 are minimal. 


Proof. Lets hud the mean curvatures of the normal and binormal surfaces in (4.1) and (4.2) 
for minimallity. 

For the normal surfaces given in (4.1), by taking into consideration the equations (2.3), 
the following equations are obtained as; 


E, 

El 

Gi 


ei 


fi 

9i 


(($i)„($i)„) = -AX + ZlF = 0 
(($i)„(4>i)„) = l 

. rr\_ 1 [ -{A!+ Ck)CY-{AY + DX){Ak-C'-Dt) 
(((t>i),„ Ui) - y _ Ct)CX 

((4>i)sr, U,) = ^ (C{X'Y - Y'X) + ^/fi^T^{AY + DX)) 

(($i)^^,f/i) = 0 


where X = Y = ^ 7 ^^, = ||(4>i). x ($i)^|l , 

I1X)N-(C'X)B), A = Y-vX', C = v^/k^T^ and D = 
For the binormal surfaces given in (4.2); 


U, = A-{{-CY)T - (AY + 
X + vY'. 


E 2 

F 2 

G 2 


62 


/2 

92 


{{<3>2)s,{<^2)s) = 1+v\^+T^) 

{{^ 2 ) s ,{^ 2 fi )=0 

(($2).,(4>2).) = 1 


(($2)ss,f/2) 

{{^2)sv,U2) 


1 / r , 1 kk'+ tt' 

Y2 l + (^)2 + 

\/ K^ + t"^ 



(( 4 * 2 )^; U 2 ) — 0 


where Z 2 = a/1 + v‘^{k? + r^) and U 2 = -^ ((X — vt)T — {Y + vk)^) . 
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By using the equation (2.9), we find the mean curvatures as; 

ei 


Hi = 
H 2 = 


2Ei 

62 


62 is apparent from the above equation, lets find ei.We can calculate simply that 

AY + DX = l + u(-)'' ^ 


Ak — C' — Dr = —V. 
-A'CY - D'CX + C^tX = 


H l + (^ 

kk' + tt' 


T\2 


2{t' K — tk')(kk' + tt') — {{t'k)' — {tk')'){k^ + r ^) 


(^2 + ^ 2 ) 3/2 

If we put these expressions in the equation of Ci, we have finally; 




,2 2 (t'k;—TK')(KK'-|-T r') —((t'k)' —(rK;')')(K^-|-r^) 
(K2+r2)3/2 

T^/ 1 A K.K.' -{-tt' 


+ If 




Since the curve P is general helix, then (^)' = 0 and so we have {t'k)' — {tk')' = 0 . Also 
by the condition kk' + tt' = 0 given in theorem, we obtain ci = 0 and 62 = 0 . 

So the proof is completed. □ 


Theorem 13. Let /3 he any curve with arc-length parameter s. If fl is general helix, then the 
W-direction curve j3 which is on the normal surface of the W-direction curve is a geodesic 
curve. Also the W-direction curve j3 which is on the binormal surface is geodesic curve. 

Proof. Lets find the geodesic curvatures of the W-direction curve /? with respect to the 
normal and binormal surfaces of (3 given in (4.1) and (4.2). By using the equation (2.10), 
the geodesic curvatures are 

Kgi = (UiXT,T''^ 

Kg, = (U2XT,T'). 

By using the same terminology with the previous proof and T = YT + AB, we have 

UixT = —{AY + DX){YB-XT) 

Zi 

U 2 XT = -^N. 

^2 

Deciding the equation T = Y"T + X'B, we get 

Kg, = -^{AY + DX){Y'X-YX') 

Kg, = 


0 . 
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By using appropriate expressions and Y'X — YX' = 


r, 


■, we get finally that; 
1 


1+ X 


T W 


If j3 is general helix, then (^)' = 0 and =0. 


□ 


Theorem 14. Let jS he any curve with arc-length parameter s. The W-direction curve /3 
which is on the normal surface of the W-direction curve is an asymptotic line, ft is general 
helix if and only if the W-direction curve f5 which is on the binormal surface is an asymptotic 
line. 


Proof. The normal curvatures of /3 with respect to the normal and binormal surfaces in (4.1) 
and (4.2) are computed by the equation (2.11) as; 

= (^'>2). 

We can write that; jd” = T' = Y'Y + X'B and also by making the dot product of jd” and 
Ui, U 2 , we get 

-^{XX' + YY') 

Yy'X - YX'). 

Since XX' + YY' = t) and Y'X - YX' = we simply obtain that; 

0 

So jd which is on the normal surface of the W-direction curve is an asymptotic line, fd is 
general helix if and only if (^)' = 0 which means that Kn 2 = 0 and it is an asymtotic line. □ 

Theorem 15. Let (d be any curve with arc-length parameter s. If [d is general helix, then 
the W-direction curve fd which is on the normal surface and the binormal surface of the 
W-direction curve is a principal line. 

Proof. Lets hnd the geodesic torsions of the W-direction curve fd with respect to the normal 
and binormal surfaces given in (4.1) and (4.2). By using the equation (2.12), the geodesic 
torsions are; 

= (c/ix(y;,T') 


^712 


^712 
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After some calculations and using the abbreviations as r = q = — ^ ~ 

and M= wefind; 

fCX^ , , AY + DX, ,A _ 

f/i X 17i = f ^(r^ + g -tr) --(gr + t) j T 

CY ^ . CX,, 

(gr + t) - -—{r - g/t) N 






AY + DX ^ , CY ^ . 

(r — qK) - 7 ^[rK + g — tr) B 






and 


f/s X f/' = 




L.B 


^2 
X — VT 


Y + VK, 
Zo 


K N 


By taking into account that T = F'T + X'B, we obtain lastly; 


^91 = 


1 /C\'.r., 1 1 


Z, VZiV X' 1 + 0" 

^(rK + g'- tr) r , 1 


1 + ^ 


T\2 


Zi 




'^92 ~ 


vk^{k + r + v{k — t)\/k? + r^) ,r , 


+ r^)(l + + r^)) k' 

If j3 is general helix, then (^)' = 0 and so r^^ = 0, Tg^ = Q. 


cx 

Zi 


□ 
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